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General Comments O(/O,

The total entry was a record number, an increase of over 6% on 2017. Only question 1 was
attempted by more than 90%, although question 2 was attempted by very nearly 90%. Every
question was attempted by a significant number of candidates with even the two least popular
questions being attempted by 9%. More than 92% restricted themselves to attempting no more
than 7 questions with very few indeed attempting more than 8. As has been normal in the past,
apart from a handful of very strong candidates, those attempting six questions scored better than
those attempting more than six.
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Question 1

As usual, this was the most popular question to be attempted with more than 93% of candidates
doing so. However, scoring for it was only moderately good with a mean below 9/20. Most
successfully differentiated and obtained a value for § from the cubic but ignored considering
whether this was the only stationary point. Sketches frequently did not display the asymptote; some
that did showed the negative branch of the curve touching rather than intersecting the asymptote at
the maximum. Many did not appreciate that to sketch the second curve in part (i) it was not
sufficient to just offer a drawing without the working; the horizontal point of inflection and
asymptote were frequent casualties. Part (ii) was straightforward for most. Many recognised that
part (iii) made use of the first function f(8), provided that they used the condition to substitute for
a . However, their justification suffered from ignoring the reality condition and using specious
arguments, as a consequence. Part (iv) followed a similar trend to part (iii), except using (8) , and
only differing in that of those that did apply the reality condition, quite a few overlooked f = 1 as a
solution of the cubic inequality, and so their final answer was wrong.
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Question 2

With about 89% attempting this, it was the second most popular question, and with a mean score of O’b
nearly 11/20, the second most successful. Part (i) was generally well-handled, and although most

scored some marks on the proof by induction in part (ii), candidates often struggled to complete it,

many of them because they attempted to use the original definition of the functions, which rarely

led to success, rather than employ the result of part (i). Some candidates noticed that the proof by

induction in part (ii) was equivalent to proving % = 2ny,_4 by induction. This gave them a simpler

base case but did not significantly simplify the inductive step. For the deduction in part (ii), it was

very common for the first result of part (ii) to be squared, leading to pages of algebra, although they

were often then successful. Part (iii) was surprisingly poorly attempted as few candidates realised
that a proof by induction (or equivalent) was required.

©UCLES 2018 STEP 3 MATHEMATICS 2018 6


https://mymathscloud.com

Question 3

Only 65% attempted this, and it was the second weakest of the Pure questions with a mean score of O’b
about 7/20. It was imperative for candidates to demonstrate high levels of algebraic accuracy to

score highly. Most successfully differentiated the initial expression, and equated coefficients but

then failed to solve explicitly for a, b and c in terms of p and q (or demonstrate that such a, b and ¢

existed). Candidates without these explicit expressions then often failed to spot one of the main

strands of the question, integration of x™ in the two casesn = —1, and n # —1; some considered

superfluous other cases. Some candidates fell at the final hurdle having used correct methods but

then did not express their solutions in terms of p and q. Also, some were thrown by the two

possible sets of solutions for a, b and ¢, successful candidates realising that these gave the same

solutions to the differential equations.
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Question 4

The third most popular question being attempted by just short of three quarters of the candidature, O’b
it was however the most successfully attempted with a mean score of not quite 12/20. The stem
was usually correctly attempted either using parametric or implicit differentiation. Simultaneous
equations were sensibly attempted for part (i), but sometimes they confused the two pairs of
equations and as a result got the wrong answer. Some solutions elegantly achieved the correct
result having found just one of the coordinates and arguing that as it lay on the tangent, it had to be
the point P. Part (ii) was quite often abandoned partway through, giving up after obtaining x? and
y? in the face of the algebra, although some forgot to answer the question at this point even though
they had employed simultaneous equations to obtain x and y. Few managed to conclude the
question, and it was very rare indeed that the non-zero nature of the denominator (sin ¢ — sin 6)
was justified.
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Question 5

A little under half the candidates attempted this, scoring marginally less on average than on
question 1. Some candidates used the arithmetic mean/geometric mean inequality which was what
the question was proving in part (iii), and so were heavily penalised as their arguments were thus
circular. Part (i) was generally well done, with most justifying that their steps were reversible to
obtain ‘if and only if’. Marks were sometimes lost when justifying that G;, > 0 was not used to
legitimise division by G and also that inequalities did not change sign. Part (ii) was well done too,
though many candidates did not justify the ‘only if’, although some tried to use part (i) to prove (ii),
which could not succeed. Part (iii) expressly required deduction, and only deduction, so those who
had learned another proof of the inequality and just copied it out could not be rewarded. Many just
used the results of (i) and (ii) without justifying why they could be used and some were imprecise
with their induction arguments.
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Question 6

The least popular of the Pure questions being attempted by under 40% of the candidates, it was the O’b
second least successfully attempted question in the whole paper with a mean score of only just

better than 5/20. Many alternative solutions were successfully offered for the very first result, but

then it was not an uncommon pitfall that g and c were treated as scalar multiples of a, and

moreover, the * notation appeared to confuse some candidates. Those who moved onto part (ii),

got started fairly well, but then found difficulties; those that used the fact that the points were on

the unit circle, however, derived the final equation with ease, earning full marks at that stage. The

few candidates who had the stamina to see the question through to part (iii) were generally very

successful, though odd marks were lost when division by various factors was not justified as valid by

their being non-zero.
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Question 7

Marginally more popular than question 6, the mean score was 8/20. The first part of (i) created no

problems, but far fewer got further, although those that expanded (cot 8 + i)?"*! almost always

managed to succeed, even if they did not always quite deal with the sin 8 # 0 condition. Most that
2n+1 2Zn+1

3 ) ()

Almost all that tried part (iii) proved the first result but applying the results to obtain the conclusion

proved harder. A common mistake was to sum over 8 rather than m and there were quite often
mistakes in the algebra for the last part.

attempted part (ii) scored all the marks, though some forgot to divide (
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Question 8

The fifth most popular question, this was attempted by five eighths of the candidates, and was the
fourth most successfully attempted with a mean score of a little over 9/20. The first result in (i) was
generally very well done, but success in the second result was usually restricted to those that
spotted the possibility of using partial fractions. The first integral in (ii) was usually done correctly.
However the second integral attracted a range of mistakes such as failing to see that or justify how
the first part could be used and not simplifying their answers. The nature of the periodicity and the
need to integrate different expressions over the differing ranges were frequent stumbling blocks.
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Question 9

Whilst being the most popular of the applied questions, it was much less popular than any of the
Pure questions being attempted by only just over a quarter of the candidates. It was fairly weakly
attempted with a mean score of 5.5/20, only slightly better than question 6. The low scores were
mainly caused by sign errors in the velocities of P and Q, and candidates finding it difficult to know
which variables to eliminate. However, most did attempt to express the momentum conservation
and Newton’s Experimental Law of Impact equations which were the starting points to the question.
Most students considered the very first and second collisions, rather than the n™ and (n — 1)";
algebraically, these expressions were the same, but they did then need to justify the generalisation.
The few candidates that got as far as part (ii), scored higher overall. In this case, often students
showed that the given formula was a solution, which was not asked for, rather than finding u, and
uq . Those who found u; in terms of uy and v, generally managed to solve the question well. Very
few attempted the last part, but those that did scored well, taking the limit correctly at the end.
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Question 10

9% of the candidates attempted this question, exactly as many as attempted question 13, which
meant that they were the joint least popular questions. With a mean score of just over 8/20, it was
slightly more successfully done than question 7. Most candidates managed to draw the correct
diagram, those that did not performed poorly in the rest of the question. The majority of candidates
managed to find sin § and a wide variety of techniques were used to find AP, some of which led
them astray due to their algebraic nature. They often struggled to justify the forms of each of the
terms in the energy expression, in particular, the kinetic energy of the disc and the potential energy.
In the latter case, often the zero potential energy level was not defined, too. Few were put off if
their energy expression was incorrect and continued to attempt the question using either their
expression or that given. Some candidates attempted to find the equation of motion by taking
moments, but these solutions tended to be poor. In general, candidates struggled with the algebra
and would often find their way to the solution erroneously from incorrect working.
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Question 11

20% of the candidates attempted this, but it was the least successfully attempted question with a
mean score of under 5/20. The vast majority managed only to express V correctly. Often,
candidates failed to resolve forces correctly, and even those that did frequently abandoned the
question at this point. Of those that did continue, roughly half then failed to obtain correct
expressions for the initial coordinates of the particle in freefall, which led to incorrect expressions
for the general freefall coordinates; candidates that did find these typically progressed well apart
from any algebraic errors. Candidates that reached the third part often had a reasonable attempt at
it; a significant minority confused displacements and velocities indicating a lack of physical
understanding of the question. Although not many attempts were made at the last part, those that
understood the conditions did well whilst those that did not could not complete it.
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Question 12

Although it was only attempted by 14% of the candidates, it was moderately successfully done, just O’b
slightly less so than question 8 but still with a mean over 9/20. Part (i) was frequently poorly
justified with candidates often attempting to describe the given expression without connecting it to
the actual problem. However, binomial coefficients and factorials were generally successfully
manipulated in part (ii), although care had to be taken to choose a form for the second expression
which would be useful later. Most realised that it was necessary to differentiate the cdf and apply
the previous result, though some failed to take care of the details. The deduction of the integral at
the end of part (ii) was generally well done, and the majority correctly spotted that this a constant
multiple of the integral of the pdf. Part (iii) was largely well done by those reaching this stage, either
by recognising that this was of the form of the previous part or by direct integration by parts. A
common mistake in this last part was to forget the constant term of the pdf when calculating the
expectation.
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Question 13

As already mentioned, this was the joint least popular question, although its success rate was only
very marginally less than that for question 2. The first result of the stem was generally well done
with clear explanation. Likewise, the pgf for the Poisson distribution was generally well calculated,
although a few candidates merely quoted the result from the formula booklet and then performed
some trivial rearrangements which, of course, did not satisfy what was required. In part (i),
candidates recognised how to apply the stem to calculate k, and then either applied it further to

express the pgf as %(Gx(t) + GX(—t)) or directly identified the cosh power series. Similarly, most
justified the result for the expectation correctly. For part (ii), G, (t) = %(Gy(t) + Gy(it)) neatly

gave the pgf of Z (not asked but required to progress) from the previous result, although frequently,
candidates worked from Gy (t) or directly from power series again. Occasional attempts to use the

same method again (i.e. considering % (Gy(t) + Gy(—t)) ) failed. Candidates generally failed to

complete the last stage, either not attempting it, or providing poor justifications of the existence of
counterexamples as A = oo rather than simply furnishing an explicit counterexample.
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Question 1

Differentiating f () and setting equal to zero yields a cubic equation with a single real root, the
quadratic factor being demonstrated to be non-zero either by completing the square or considering
the discriminant. The stationary point is thus (—1, —1) and with the asymptote y = B the sketch
results.

The same strategy for g(B) yields a cubic equation with three real roots, two being coincident, and

thus a maximum (—2, —175) and a point of inflection (1,3) .

Employing Vieta’s formulae gives u + v + i =—a+ % and % + % +uv = _751 + B . The first
condition of part (iii) enables an expression for a to be obtained in terms of 5, and so the subject of
the required inequality is f (8) . When the discriminant condition is employed to impose the reality
of u and v, the resulting cubic inequality has a quadratic factor which should be demonstrated to be
positive (similarly to part (i)) and hence f < 1 which by reference to part (i), gives the requested
result. Part (iv) follows the same strategy as (iii) except that it makes use of g(8) and the reality
condition cubic inequality has a squared linear factor which allows § =1 aswellas f < %, and so
by reference to the sketch, the greatest value is 3. The reader might like to consider what effect it
would have on parts (iii) and (iv) if the extra condition u # v were to be imposed.
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Question 2

(i) is obtained by differentiating the defined function y, using the product rule and a little tidying up O’b
of z and its differential. The inductive step in the proof of part (ii) can be established by

differentiating the assumed case and then removing the three differentials using the result of part

(i); the base case is established by obtaining y; = 2x and y, = —2 + 4x? from the original

definition. The deduction in (ii) is most simply obtained by eliminating x between the result for y,, 4

just obtained and the similar one for y,,,,. Part (iii) is obtained by using the deduction of part (ii) to

establish the desired induction, the base case being obtained using the same results used for the

base case in part (ii)’s induction.
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Question 3

Differentiating and equating coefficients generates three simultaneous equations, two of
which are in b and ¢ only, and can be solved by substituting for one of these variables, then
giving a from the third; a=1+p+q,=1%2q,c =+q —p . Part (i) makes use of the form
obtained in the stem which can be then integrated twice, with a minor algebraic rearrangement
after each integration, with different cases arising as b = 1 or not; the solutions are

y = AxP*9 + BxP~ 1 if ¢ # 0,and y = AxPInx + BxP if ¢ = 0. Part (ii) proceeds similarly,
except that a, b, and c are simplified as ¢ = 0 . However, two cases arise again and so

xTL

_ n (nx)?
Y (n-p)?

+ AxPlnx + BxP if #p,andy = x T+Ax"lnx+3x" ifn=p.
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Question 4

The equation of the tangent to the hyperbola at P is found in the usual way, having obtained oofb
the gradient through differentiation. In part (i) the points S and T can be found by solving

simultaneously the equations for each of the given lines with that for the tangent and their

midpoint is found to be P, using a Pythagorean trigonometry result to simplify the common

denominators. Solving simultaneous equations using the equations of the two tangents

2 _ [a (sin ¢ cos 6—sin 6 cos @) (cos8—cos @)

]2 and y? = —a?sinf sin<p[

2
gives x ] , having

(sin ¢—sin @) (sin ¢—sin )
eliminated b from the latter expression using the condition that the tangents are
perpendicular; that same condition and the knowledge that a > b not only justifies that
such tangents exist, but also that the denominator of the two results found is non-zero.
Adding the two results, expanding brackets in the numerator, and then removing any cos
squared terms in favour of sin squared terms leaves an expression which cancels with the
denominator, and the resulting simple expression can then be seen to yield the desired

result.

Whilst not within the remit of the question posed, an elegant method of obtaining the result
of part (ii) is to consider the solution of the hyperbola equation with the equation of a
general straight line through a point on the hyperbola and another point. Solving
simultaneously for (say) the x-coordinate of the meeting of the curve and line and imposing
that the solutions to the quadratic must be coincident for a tangent yields a quadratic
equation for the gradients, and as the tangents are perpendicular, the product of those
gradients is -1 giving the desired result without recourse to trigonometry.
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Question 5

As with many inequalities, rather than proving that one expression is greater than or equal
to another, it is easier to subtract and produce a single expression that one requires to show
is greater than or equal to zero. Substituting for the As, simplifying and dividing by Gy

(G > 0) gets most of the way to obtaining the first result, having demonstrated that

Gk+1
Gk

be simply shown using differentiation to find and justify that there is a single stationary
point for f(x), that it is a minimum (zero) and that it occurs for f(x) . Part (iii) (a) can be
deduced using part (i), observing that the condition for (i) is met by use of part (ii). There
are several different but equivalent arguments that can be used for part (iii) (b). Assuming
Ay = Gy forsome k , then by part (a), and (i), it can be shown that Ay_; = Gx_,, but also
that Ax_; = landsoay = Gy_; . Thusif A, = G, , the argument just employed obtains
Ay = Gy and ag = Gg_4 forall k, for k =1to n. The final step of the argument follows
simply.

= Ax en route, and observing the reversibility of the argument throughout. Part (ii) can
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Question 6

The very first result is very simple bookwork, and easily justified in numerous ways.
Equating the expression to its conjugate invoking its reality, employing the properties of the
conjugates of sums, products etc. and algebraic rearrangement yields the second result of
part (i). Substitution for the conjugates of a and c using the unit circle property gives the
final result of (i) after some algebraic rearrangement including division by (¢ — a) which can
be justified as non-zero. Use of Q lying on AC and part (i)’s result and then similarly Q lying
on BD gives two equations which can be combined linearly to give the required equation for
q”* in (ii). Combining the two equations linearly can also give an equation for q, which can be
added and rearranged to that already found to give the desired second result of (ii). The
first result of (iii) employs the result from (i) with P lying on AB and bearing in mind the
reality of p. Repeating this for P lying on CD gives a similar result. Multiplying the final
result of (ii) by p gives two expressions which can be simplified by the two just written
down, and a little simplifying algebra allied to the legitimate division by (ac — bd) finishes
the question. As some candidates recognised, but then did not score particularly well as
they quoted results without justifying them, this question is about the topic of pole and
polar.
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Question 7

, 0 . ., . )
Expressing cot 0 as % and employing De Moivre’s theorem gives the first result.

Expanding the left-hand side of the first equation binomially and collecting like terms for the
odd powered terms and dividing by 2i then simplifies to the left-hand side of the second
result, which then equals zero if (2n+ 1)0 = mm where m = 1,2, ..., n and satisfies the
initial condition. Part (ii) is obtained by considering the sum of roots of the equation just
obtained in (i). The first result of (iii) can be derived from the given small angle inequality
taking a little care with positivity when reciprocating and squaring, and then using the
appropriate Pythagorean trigonometrical identity. Summing the inequalities form = 1 ton,

rearranging to give the required object of the summation and using the value of 8 as
n(2n-1) 2 n(2n+2)

X T“ and

3(2n+1)2 3(2n+1)2

defined for part (i), gives bounds of x 12, both of which tend to

the desired limitasn - o .
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Question 8

The first result in part (i) can be achieved by interpreting the sum of integrals as a single
integral with limits of 1 and e, and by making the change of variable,y = x™1 . The
deduction can be made by splitting the integral into partial fractions, changing the variable
using y = x + 1 in the integral of the first fraction, employing the periodicity condition and
then telescoping the sums to leave the single required integral. The first integral of (ii) uses
the result just obtained in (i) followed by observing that {x} = x for the range of the
integral, and then integrating normally to obtain the answer 1 —In 2. For the second
integral, it needs to be observed that

{2(x+ 1)} = {2x + 2} = {2x} and the integral making use of the result for part (i) can be

split into two integrals with limits 0 to % , and % to 1 to deal with the two different explicit

formulae for {2x}; the result can be simplified to 2 + ln% or a couple of equally simple

equivalents.

©UCLES 2018 STEP 3 MATHEMATICS 2018 26


https://mymathscloud.com

Question 9

Newton’s Experimental Law of Impact gives v,_; —u,_; = e(v,_, + u,_,) and conserving Ofb
momentum (once a factor of m has been cancelled)

kv,_; +uy_4 = uy_, — kv,_, forthe (n — 1)th collision between P and Q; v,_, can be
eliminated between these two equations. Similarly, v, can be eliminated between the
corresponding equations for the n' such collision. Then, the two equations that have been
obtained can be manipulated to eliminate v,,_; and produce the desired result for (i). The
derived equation from the n'" impact can be used to express u, in terms of uy and v, , after
which, using the given solution in the casesn = 0 and n = 1 yields

A =—17uy + 3vyand B = 18uy — 3v, . Expressing u, as

n n
(;) [(—17u0 + 3v,) (g) + (18u,y — 3V0)] , the final result of the question follows.
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Question 10

C
. . (0)
That sin 3 =—Mrrm can be found by taking moments about O, A, or G (say, the centre of mass 2

of the combined disc and particle). Applying the cosine rule to triangle OAP and using the
first result obtained leads directly to the first displayed result. The constant expression is
obtained by conserving energy, the first term being the kinetic energy of the disc, the
second term being the kinetic energy of the particle and the last term being the potential
energy of the combined centre of mass relative to a zero energy level defined by the
equilibrium position of G. Differentiating the energy expression with respect to time,
substituting for m, [, sin 3, and cos 3, the derived equation simplifies to that of an
approximate simple harmonic motion, which with the small angle approximation leads to
SHM with the required period.
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Question 11

Resolving radially for the particle and then setting the tension to zero (as the string becomes oofb
slack) yields V? = bgcos a . Expressing the horizontal and vertical displacements of the
particle from O at a time T from the instant the projectile flight commences, and then
expressing the sum of the squares of these displacements as the length of the string
squared gives an equation which when simplified and the first result is used to eliminate

bg cos a does give the required equation. tan 8 can be found by dividing the components of
the projectile velocity, employing the result just found to simplify to obtain the desired
result. The condition that the particle reaches instantaneous rest is that it is moving radially
at the point the string becomes taut, and so tan 3 is also equal to the division of the
displacements found when the time is T. Substituting for V2 and T gives an equation solely
in terms of sin a and cos a which can be simplified to a biquadratic in sin o, which in turn
can be solved but only the required result is positive.
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Question 12

Part (i) relies on appreciating that the desired probability is that at least k numbers are less O’b
than or equal to y, and so is the sum of the probabilities that a certain number of numbers

are less than or equal to y, each of which is a binomial probability. The first result of (ii)

relies on the definition of the binomial coefficient and manipulation of the factorials. The

- . n
similar expression for (n — m) m

is n (n r; 1) which can be arrived at in the same way; an alternative nice method relies on

the symmetry of binomial coefficients, namely
ny_ n _ n—1 _ (n-—1 .  ;

(n m)(m) = (n m)(n_m) _n(n—m—l) —n( m ) The expression (*) is a
cdf so differentiating it (by the product rule), appreciating that one term in one of the sums
is zero and using the first two results of the part (one in each sum), the two sums are then
the same, when one sum is re-indexed, bar one term which is the required answer. As the
integral of a pdf is 1, the deduced value of the pdf without the constant is ﬁ .

Mk-1
Integrating in the usual way to find the expectation in part (iii) gives an expression which is a
multiple of the pdf for the case of n + 1 numbers and the variable defined as the k + 1 th

. .k
smallest, and the two constant expressions cancel to give -
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Question 13

The first result of the question is most easily shown by explicitly expressing G(1) and G(—1) O’b
in terms of probabilities and then evaluating the RHS of the equation. The pgf of the

Poisson distribution is standard bookwork, expressing it as an infinite sum using the Poisson

probabilities, and recognising that it is an exponential function. The pgf of Y may be found

either by finding k first using the results of the stem and then recognising the power series

working from the pgf definition or alternatively %(Gx(t) + GX(—t)). The expectation of Y

can be found using the pgf as G'y(1) , at which point it only remains to demonstrate that
tanhA < 1. In part (ii), it is sensible to obtain the pgf of Z first, which can be done directly
and recognising the sum of a cos and cosh power series or via Gy (t) = %(Gx(t) + Gx(—t) +
Gy (it) + GX(—it)) , Or even more neatly

1 . ’ __ A(sinhA-sin2) .
Gz(t) = E(Gy(t) + GY(lt)) . E(Z)=G";(1) = TCosh At cos T and so, for example, choosing

A= 377[ it can be shown that this is greater than A by expressing the hyperbolic functions in

terms of exponential functions.
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1 1

1.3 fB)= 3T E:

' _ 1,2 B3+p+2
f(ﬁ)_1+ﬁz+ﬁ3_ B3
ffB)Y=0=2p>+p+2=0 M1

BPHB+2=B+DE*-L+2)
BE—B+2+#0 as ,82—/3+2=(ﬁ—%)2+£2£>0 or discriminant = —7 E1

So the only stationary pointis (—1,—1) Al

10

G2 (5)
9B =B+5-%
Then ¢'(B) =1~ + 7
1_%+%:B3—;3ﬂ+2:(ﬁ—1);3([3+2)

M1

So the stationary points are (—2,—175) and (1,3) A1

G2 (4)
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B
and —-+-+u —uu—:]+uv=—+[3 B1 (1)
(iif)
u+v+—=-1 = —a+=-=-1 so a=1+%
Thus —+—+uv=i+ﬁ=ﬁ—l—i M1
B B p?

u,vreal ©a?-4=>0

2
As a?—45 >0, (1+%) — 48>0 andthus 483 —B2—28—-1<0

B-1DAL*+3+1)<0 M1 AL
3N\ 7 7
4?2 + 36+ 1= (2,8 + Z) te21> 0 ordiscriminant = —7 and positive quadratic so

462 +38+1>0, E1

andso <1 Bl

Hence, from the sketch in part (i), f(8) =B — % - ﬁ—lz = %+ % + uv < —1 as required. E1(6)

: 1_ _ 1_ —1_
(iv) Ifu+v+;—3 = a+ﬁ—3 SO a—ﬁ 3

1 1 -a 3 1
ThUS;+;+UU—F+ﬁ—ﬁ+E—F M1

2
u,vreal ©®a?-4=>0 ,s0 (%—3) — 48 >0 andthus 463 —9B%2+68—-1<0
Therefore (8 —1)2(48—1) <0 andso B =1 or BS% M1 A1

From the graph of g(B8) we can deduce that the greatest value of % + % +uv is 3 E1 (4)
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dy, d 1d"z ,d%z  1d"tlz

o [~ 2= ) = (D) 26— S ——

dx dx<( )de”> D [xe dxn e
M1

1d"z 1d"t1z
= 2D s GO e

[\
= 2XYn — Yn+1

as required. Al1* (3)

(i) Suppose Yy4+q1 = 2xyy — 2ky,_, forsomek Bl

AdYis1 dyy dyk_1
—dx = ZXH'F Zyk - Zk—dx

M1
So using (i)

2xYk41 = Yia2z = 2X(2xXYi = Vi) + 2Vi — 2k(2xy—1 — Vi)

M1
= 4x%yy — 2XYpr1 + 2Yk + 2kyr — 2x(2XYi — Yier1)

M1
= 4x2yy — 2XYiy1 + 29k + 2kyy — 4%y + 2XYpiq

= Zyk + Zkyk
Thus  Yyyo = 2xYr4eq — 2(k + 1)y, which is the required result for k+1 Al
Yo =1
1dz 2 d 2 2 2
— (1222 — _1ox% (o= X%) — _px% _ -x* _
v, = ( 1)de le dx(e ) e* . —2xe 2x

B1
1d%z . d*(e™) _

d
— (—1)2 — x? _ —x2\| = ,x%(_9,—x? 2 ,-x2
y, = (—1) prrriak i2 e [dx( 2xe )] e ( 2e™ +4x“e )

= —2 + 4x2

M1A1
2xy; —2 X 1y = 2x(2x) —2 = 4x? —2 soresulttruefor n=1 Al

Hence y,41 = 2xy, — 2ny,_, for n =1 by induction. Al (10)
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As Yny1 = 2XYn —2NYn_1, Yni2 = 2XYn41 — 2(n+ 1)yn M1 O(/O,
Eliminating x, O’b
(yn+1)2 —YnYn+2 = 2(n+ 1)(}’n)2 — 2NYn_1Yn+1
M1

Thus

Yn+1Wnt1 +2nYn_1) = Ynnez + 2(n + Dyy)
So

Yn+1® = Yn¥nsz = 200® = Yn-1Yn+1) + 20"
A1 (3)
(i) Suppose Yr? — Vi_1Viks+1 > 0 forsome k>1 B1
Then, as 2y,* 20, 2k(Vk® = Yr—1Vk+1) + 2Yk> >0 ,i.e. by (i) Yi41® — YiVks2 >0 E1
Consider k =1
V12 =y = (2x)2 =1 X (-2 +4x?) =4x?+2—-4x*=2>0
B1
Hence the result y,%2 —vy,_1Yp41 >0 for n>1

B1 (4)
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2 (xP (x¢y)) = x%[xb (xy' + cx°1y)]’ G
M1

b+c-1

yI'
= x®[xP*ey" + cxP*e7ly" + (b + c)xP* 71y’ + ¢(b + ¢ — 1)xP*2y]

= x*[xP*¢y' + cx

=xa+b+cyrr+ (b+2c)xa+b+c_1y’ +C(b+C—1)Xa+b+C—2y
M1A1
This is of the required form if
a+b+c=2
b+2c=1-12p
ch+c—1)=p?—q?
M1
Thus
c(1-2p—2c+c—1)=p?—q°
c? +2pc+p?=q?
c+p=1q
M1
Thus it is possible if
c=q—-p,b=1-2q,a=1+p+q
or
c=—q—p,b=1+4+2q,a=1+p—q
A1 (6)

(i) x*y"+@=2p)xy'+@*—q*y=0

So
x“(xb(xcy)’)' =0
(xb(xcy)') =0
X (xy) = 4
M1
(xy)' = Ax~"
Ax—b+1
xfy = + B unless b =1 B1

-b+1
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2,
@Q
%
S
/-
Ax~b-c+1 O(/
y=———+Bx"¢ (o8
—-b+1 OO
b # 1= q# 0 inwhich case ”
Axpiq +
= ptq

y 124 + Bx
That is

y = CxP*4 4 DxP~1

M1A1

However,if b=1, x‘y=Alnx+ B M1
so y=Ax"CInx + Bx~¢
Soif g=0, y=AxPInx+ BxP M1A1 (7)
(i) x%y" + (1 —2p)xy’ +p?y =x"
Thus q=0,and c=—p,b=1,a=1+p B1

x9(x(xy))' = x"

(x(xy)) = x™"¢

n+i-a
x(xcy)’=fl+1_a+A form+1—a=+#0or x(xy) =lnx+A4 forn+1—a=0 M1B1
n+l—-a=0=>n=p
coy X8 -1 Ca)l — 4—1 -1
Thus (x€y) —n+1_a+Ax or (x°y) =x"tlnx + Ax
n+i-a 2
So xcy=(:;+1—_a)2+Alnx+B or xcy=%+Alnx+B M1 M1

xTL

(n-p)?

n (Inx)?

andfor n=p, y=x T+Ax”lnx+Bx" Al(7)

+ AxPlnx + BxP A1l

Sofor n#p ,y=
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X"y

az b2 1
2x  2ydy
a? b2dx

[\
(Alternatively,

dy dy/d6  bsec®6
dx dx/d® asec@tan®

also earns M1)

Thus at P
dy _asect b> b
dx  a? btanf asiné
Al
So the tangent at P is
y— btan0 = e (x —asecO)
M1
Hence
_ sin? 6 1
aysinf — ab e X — abcosB
So
bx —aysinf = ab< ! _sinz 9) = abcosz{9 = abcosf
cosf cos@ cos 6
as required. Al* (4)
(i) Sisthe intersection of bx — ay sin@ =ab cos @ and g = %
So bx — bxsin@ = abcos 8 M1
Ths, Sis (£33 155ing ) A
Similarly, T is the intersection of bx —aysinf =abcosf and g = —%

. acosf bcos@
SoTis (1+sin9’_ 1+sin @ ) M1A1
. . . 1(acos@ acos@ 1(bcosB bcos@
The midpoint of ST is therefore (5 (1—sin9 1+sin 9) 2 (1—sin 9 1+sin 6)) M1
1(acos€ 4 acose) 1 81+sin6+1—sin6 p
- = —acos = asec
2\1—sinf 1+sinf 2 (1 —sin®)(1 +sinf)
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2

1/ bcos@ bcos 8 1 1+sind—1+sin0 7
( )= 7

- ~bcosh = btan6
1—sinf 1+sin6) 2" YA —sing@)(1 +smg)  ~ ge

M1
which means itis P. Al (7)

(ii) Asthe tangents at P and Q are perpendicular,

b b
— X —— = —1
asinf asing

Bl
(This is possible because a > b )

That is
a’sin@ sing + b% =0

The intersection of the tangents is given by the solution of
bx —aysinf = ab cos 8

bx — aysin @ = ab cos ¢

Thus
_ (singcosf —sinb cos p)
B (sing —sin @)
M1
and

— b (cos 8 — cos @)
Y (sing — sin )

22— (sin ¢ cos 8 — sin 0 cos @) 2
(sin¢g — sin 0)

Al

2

(cos 6 — cos @) 2
y

- 2 .
a“sin@ sin g [—(simp —sind)

Al

. . b2 . . . .
Note sinf sm<p=—;<Oso sing # sinf andso sing —sin@ # 0 E1

So

2
a

x2+y%= Ging —sm0)? [(sin @ cos @ — sin @ cos ¢)? — sin @ sin ¢ (cos O — cos @)?]

a2

= Ging —smo? [sin? ¢ cos? 8 + sin? O cos? ¢ — sin 6 sin @ cos? O — sin sin @ cos? @]

M1
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2 O,
[sin? ¢ (1 —sin® @) + sin? 8 (1 — sin? @) — 2sin@ sinf + 2sin@ sinH — (/0.'

™ (sinp-sin )2

sin@ sin¢@ cos? @ —sinf sing cos? @] M1 O/b

a2

= Ging —sno% [(sing —sin#)? + singsin (2 — 2sin @ sin @ — cos? O — cos? ¢)]

a2

= Ging—sno? [(sing —sin#)? + sin@sinf (sin? ¢ — 2sin @ sin 6 + sin? §)]
=a?+a’sin@ sing = a? — b?

as required. M1A1* (9)
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5. i (®)

(i %

(e + D( Apgr = Grar) = k(A = G) 2 0 %,
=4 (a1+a2+-~+ak+ak+1)—(k+1)Gk+1—(a1+a2+'~-+ak)+ka >0 M1

= Qg4+ ka = (k + 1)Gk+1

o 4> kh+1D)EE 256, >0 MLEL
Gg Gg

1/k+1 1/k+1
Gr+1 _ (Gkkak+1) _ [ Ak+1 _
—_— == =1, Bl

Gk Gk Gk

So

%+k2(k+1)% o 3 k= (k4 DAy
k k

e 4T —(k+ 1D +k =0 asrequired. M1A1 (6)

(i) f)=x"""—(k+1Dx+k

So f'(x) =(k+Dx*—(k+1)=(k+1(x*¥-1)and f"(x) = (k + Dkx*"1 m1m1
Thus, if x is positive, there is a single stationary point for x =1 and itis a minimum. E1
f =0

andso f(x) =x*"1—(k+1Dx+k=>0 E1*(4)

(iii) (a) Assume A, = Gy for some particular k B1

(A~ Gy) E1

then by (ii), the condition for (i) is metand so Ap41 — Griq1 = e

and thus Agyq = Gryq
Ay =a, and G; =a, andso A; = G; (infact A; = G;) Bl

Thus, by the principle of mathematical induction, 4,, = G,, forall n  B1(4)

(b) If A = Gy forsome k ,thenas 4, =G, forall n, Ay_1 = Gp_1 E1

and by (i) and (ii) Ax_; = Gy_4 and El

(2 )“" _1
Gr-1

in which case aj = G,_; . B1
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Butas A, = G,, Ax =Gy and a; = Gy_, forall k,for k=1ton E1 O(,

But, Ay =G; =a; Bl andso a, =G, =a; andthus A, = G, =a, and a3 = G, = a; and O’b
soonupto 4, =G, = a4

Hence a; = a, =az; =--=a, E1(6)

©UCLES 2018 STEP 3 MATHEMATICS 2018 43


https://mymathscloud.com

6. (i)
m is parallel to AC

So q—a=A(c—a) where A isreal.

a

Therefore Z_;a = A which is real as required. E1 (1)

Hence,

g-—a* (@-a) q -a
(c—a) =(c—a)*=c*—a*

M1

So as
q_a_q*_a*

c—a c*—a*

(c-—a)(@" —a’)=(c"-a)(g—a)

Al* (3)
-l (-
M1

Multiplying by ac ,

(c—a)(acqg” —c)=—(c—a)(g—a)

M1
Thus
acq* —c=—-(qg—a)
as c—a+0 El
and so
qtacqg"=a+c
A1* (4)
(ii) Qlies on AC, so from (i)
qtacqg"=a+c
Also Q lies on BD, so similarly
q+bdg*=b+d
M1
Subtracting (ac — bd)q* =(a+c)— (b+d) M1*
©UCLES 2018 STEP 3 MATHEMATICS 2018
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O)J/
/bC?
%
g%
Multiplying the AC equation by bd and the BD one by ac and subtracting, O(/O'
‘C
(ac — bd)q = ac(b+d) — bd(a + c) O’b
M1

So adding these two equations
(ac—bd)(q+q*)=ac(b+d)—bd(a+c)+(a+c)— (b+d)
M1

Rearranging
(ac—bd)(q+q*) =(a—b)A +cd)+ (c—d)(1 + ab)

as required. Al1* (5)

(iii) P lies on AB, so from (i)
p+abp®=a+b

M1
Butas p isreal, p =p*,andso
p+abp=a+b
M1*
That is
p(l+ab)=a+b
Similarly, as P lies on CD
p(l+cd)=c+d
[\

Multiplying the final result of (ii) by p we have
(ac—bd)p(g+q)=(a—b)p(1+cd) + (c —d)p(1 + ab)

M1
Thus
(ac—bd)p(g+q)=(a—-b)(c+d)+ (c—d)(a+b)
M1
So, simplifying
(ac — bd)p(q + q*) = 2ac — 2bd = 2(ac — bd)
Andas ac—bd #0, p(g+q)=2 E1A1* (7)
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(cot® +)***1 — (cot® — 1) (cos 6 +isin6)*"*! — (cos O —i sin §)*"*!

20 2isin?nt1g

M1
cos(2n + +isin(2n + — (cos(2n + —isin(2n +
_ (cos(2n+1) 8 +isin(2n + 1)0) — (cos(2n + 1) 6 —isin(2n + 1)6)
h 2isin2n+1 9
M1
21 sin(2n + 1)8 _ sin(2n + 1)6
© 2isin?ntlg  sin2ntlg
A1* (3)
Let y = cotf , then
(y + i)2n+1 _ (y _ i)2n+1
2i
M1
2n+1 2n+1 2n: 2n+1 2n—1- ) 2n+1 _ 2n+1 2n: 2n+1 2n-1;2 _ ...
e (0 )y (5 )y ) = (et = ()i () et - )
2i

M1

_ 2n+1 2n _ 2n+1 2n-2 . ~N2n

—(1)y (3)y + 4 ()
M1

Soif 2n+1)0 = mm where m=1,2,...,n, sinf # 0 and sin(2n+1)6 =0 El

So

(2n1+ 1) cot2n g — (Zn;- 1) cot?"=2 9 4 e 4 (=1)" = 0

Thusif x = cot? @, (2n1+ 1) x™ — (Zn;- 1) x™ 14 ..+ (=1)" = 0 which gives the required
result. Al1* (5)
(ii)
n
mn
2
Z ot (7r77)
m=1
is the sum of the roots of the equation in part (i), and so is equal to M1
2n+1
( 3 )_ 2n+ 1)! N Ccmt't  @2n)! 2nx(@2n-1) n(n-1)
(2n+1) T @en-2)131" @2n+1)! (2n-2)!13!"  3x2 3
1
Al A1* (3)
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(iii) As 0 <sinf <6 <tané, L >L1s I astheseareall positive, and O(/
sin 6 6 tan 6 0.'0
O,
1 >1,> 1 2
sin20 = 02" tanZ0
M1

Thus

29 >l> t2 0
CSC 92 (of0]
M1

That is

1
1+cot29>ﬁ>cot29
M1

or as required

t20<l<1+ t% 9
Co 92 Co

- ,( mn - 2n + 1\? - ,( mn
ZCOt (2n+1)<z< mn ) <Z(1+C0t (2n+1))

m=1 m=1 m=1

n
n(2n—1 2n + 1\2 1 n(2n —1
( )<( ) —2<n+—( )

3 V4

m=1

M1

nen-1 _  , ~~ 1 _n@n+2)
_—

—_— — <X
3(2n + 1) Lm? S 3@n+ 7
M1
Letting n - oo,
n2n—-1) 2 2
—————————————— _) —
32n+D2 " 6
M1
and
n(2n + 2) 2
— T xm?o—
3(2n + 1)2 6
M1
2
and so E?ﬁﬂ% = % Al* (9)
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8. (i) 0(,0

i "f“ ) _f o %,
y(1+ y) y(1+y)
M1
Making a change of variable, y = x™1 , Z—i’ = —x"2 M1
so
= o) o) ey
_ _ -2
Z f ya+y @ 1fy(1+y) dy‘l e Y
M1

0 1
e (fEh
—lm.dx—om.dx—l

A1* (4)

,=i o) dy:i FO) )

— y(1+y) ~ y 14y @
n—lyzn Tl—ly:n
M1
(%) n n+1
-y ff(x+1)d_ f »)
B x+1 1+y
n=1x=n-1 n=1y=n
M1
S0 e W)
X
=y ff dx- Y O 4
x+1 1+y
n=1x=n-1 n=1y=n
M1
_ ff(x) . ff(x) n
x+1 x+1
x=0 x=1
M1
[ )
= ffx dx
1+x
x=0
as required. Al1* (5)
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. . O
(i) From (i) . (/O,

M1

1
X 1

_ _ _ — [ _ 1_q1_

= fx+1dx— fl x+1dx [x—In(x+1]g=1—-1In2

M1 M1 A1l (4)

1
2—1
f{ x }dx
x+1
x=0

{2(x+ 1} ={2x + 2} = {2x} E1l

and so we can once again use the result from part (i), and thus
1

.[ 2x‘1} 3 {Zx} j

1
J‘Zx—ld
x+1 X
x=3
2

M1 M1A1

1
= 2[x —In(x + )12 + [2x — 3In(x + 1)]%

dvi

3 3
=1—21n§+2—31n2—1+31n5

24— 218
BT "3

M1A1 (7)
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9. (i) NELI for the n-1 th collision between P and Q gives O(/O'
Vp—1 = Un-1 = €(Vn_z + Up_3) O’b
M1
and conserving momentum
kmv,_{ + mu,_1 = mu,_, — kmv,_,
M1
which simplifies to
kvp_1 +up-1 =up—o —kvy_,

Eliminating v,_, between the two equations by multiplying the first by k and the second by e and
adding gives M1

k(1+e)v,_1+(e—ku,_1 =e(l+ k)u,_,
Al
Similarly, the nth collision gives
Vp —Up = e(Vp_q + Up_q)
and
kv, +u, =uy_1 — kv,
M1

Eliminating v, between these two equations by multiplying the first by k and subtracting from the
second M1

A+ ku,=0—-ke)u,_; — k(1 +e)v,_, (**) A1

Adding the left hand side of the equation from the n-1 th collision to the right hand side of that just
obtained (and vice versa)

A+bu,+e(l+ku,, =1 —ke)uy_1 + (e —kup_q

M1
Thus
A+u,+e(l+ku, ,=1Q+e—k—ke)u,_, =10 —-k)A+ e)u,_,
M1
Giving

A+ku,—-1-kA+euy,+e(1l+ku,_, =0

A1* (10)
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2,
Q@
%
S
/-
(i) The first impact gives using (**) O(/O
(1+1) _(1 1><1) 1(1+1) .OO’b
7 A G YRal) R R YA GV A
M1
Thus

70u; = 67ugy — 3v,

Al

Letting n =20
uy=A4+B

M1

and letting n=1
A(l) +B(E) Cuy = 67uy — 3v,
10 7 70

(\}
So 494 4+ 50B = 67uy — 3vy
Thus

A= —17uy + 3v,
and
B = 18uy — 3y,

M1 A1 (6)

Thus
7\" 5\"
u, = (—17uy + 3v,) (E) + (18uy — 3vp) (7)
(\}
= (g)" [(—17u0 + 3vp) (% )n + (18uy — 3v0)]

If vy >6uy, (—17uy+3vy > uy) and 18uy — 3v, <0 M1

49\
For large n, the term (5) -0

El
5 n
uy > (2) (18ug — 3vp) < 0

E1* (4)
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O)J/
@C?
%
g%
10. If Gis the centre of mass of the combined disc and particle, then O(/O'
‘C
(M+m)X0G6=Mx0+mxXa %
M1
0G _ m

In equilibrium, G is vertically below A, so sinff = — = Al (2)

0A  M+m
Applying the cosine rule to triangle OAP,
T
AP? = a? + a? — 2a? cos (E — ,8) =2a%(1 —sinB)
M1 M1

Thus

AP ad

M1 Al* (4)
The kinetic energy of the disc about L is %19'2 B1 and the kinetic energy of the particle about L is
%m(APé)Z = %mZaz(l —sin8)6? = (1 — sin f)ma?6?
Bl M1

The potential energy of the system relative to the zero level of the point G in equilibrium is
(M +m)gAG(1 —cosB) = (M + m)ga cos f(1 — cos )

Bl M1
So, during the motion, conserving energy
1 . .
516’2 + (1 — sinf)ma?6? + (M + m)ga cos f(1 — cos 8)
Is constant. E1(6)
1 . ) .
5192 + (1 —sinf)ma?6? + (M + m)ga cos (1 —cosf) = ¢

Differentiating with respect to time,
1606 + 2(1 — sin f)ma?06 + (M + m)gacosSsinf 6 =0

M1 A1l

3 . m 3 4 . e .
Thus,as m = EM , sinf = e T T and cosf = - (cos B is positive as B is acute) B1

and because I=§Ma2,
(3M2+2><2x3M 2)é+(M+3M) x Fsing =0
5 Ma £ X5 Ma 5M)gaxcsin6 =
M1
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O)J/
%C?
%
S
7.
For small oscillations, sinf = 0, M1 O(/O'
ooo
SO /b
27 6+ 290 ~0
& T v
That is
20 g
0 ~——=20
27 a

Al

and hence the period of small oscillations is

5 27a_3 3a
7r20Lq_ﬂ5g

M1 A1* (8)
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O)J/
/bC?
%
Yo,
11. Atageneral moment in the motion, when the acute angle between the string and the upward O(/O'
vertical is 8 , and the speed of the particle is v, resolving towards O Q@
2
2
, v
T"+mgcos8 = mT
where T’ is the tension in the string and m is the mass of the particle. M1
So at the point when the string becomes slack,
VZ
cosa =—
g b
M1
i.e. V2 =bgcosa Al (3)

If x is the horizontal displacement of the particle from O at time t, and y the vertical. Then

x =bsina —Vtcosa

M1

and
_ 1
y=bcosa+Vtsina —Egt2

M1
The string is taut when x2 + y? = b2 M1
So

1 2
(bsina — VT cos a)? + (bcosa+ VTsina—EgTz) = b2

Al

Thus
b?sin? a — 2bsinaVT cos a + V2T? cos? a
+ b?cos? a + 2bsinaVT cosa + V2T?sin? @ —bgT? cosa — gVT3sina
n lngzm _ p2
4

M1

So
1
V2T? — bgT?cosa — gVT3sina + ZgZT4 =0
Butas V2 =bgcosa,
1
V2T? —V?T? — gVT3sina + ZgZT‘* =0
M1
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So

g2T* = 4gVT3sina %,
andas T # 0,
gT =4V sina
Al1*(7)
X =-Vcosa
B1
y=Vsina —gt

B1

Thus

tan § = Vsina —gT _ Vsina —4V sina — 3tang
—Vcosa —Vcosa

M1 A1* (4)

The particle comes instantaneously to rest if and only if its motion is radial at the point of impact.

In other words,

y
~ =tan
o B
when t=T. M1
Thus
. . 4V sin a . .
x =bsina—VTcosa = bsina—V cosa = bsina — 4b sin @ cos? «
M1
and
, 1, 4Vsina 1 /4Vsina\?
y= bcosa+VTsina —=-gT =bcosa+V—sma——g< )
2 g 2 g
= bcosa + 4bcosasin?a — 8b cos asin? @ = b cos a — 4b cos a sin? a
M1
So
. _ 3 _bcosa—4bcosa’sin2a
anf = arla_bsina—4bsirwzcoszoz
M1
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Rewritten. this is 2
%

3sina _ cosa (1 - 4sin®a) O’b
cosa  sina (1 —4cos?a)

3sin?a (1 —4(1 —sin?a)) = (1 —sin®a)(1 — 4sin’ a)

M1
Thus
8(sin?@)? — 4sina—1=0
So
2o FEH3 1443
16 4
However, sin?a > 0,so0 sin>a = 14V3 Al1* (6)

4
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12. (i) P(Yy <y) isthe probability that at least kK numbers are less than or equal to y E1 O(,

The probability that exactly k are smaller than or equal to y is given by O’b
n _
(k) yk(l -y k

M1
So
Py <y)
(s (e ()
=3 )y
m=k
as required. Al1* (3)
(ii)
ny _ mxnl n! B nx(n-—1)! _ (n-—1
m(m) S (m-m)im! (n-m)!m—-1! (n—1) - (m-1)! (m—1)! _n(m—l)
B1 M1 Al*
ny (m-m)yxn! n! _onx(m-1D! g
(n—m)(m) S -mim! . m-m-D'm! (n—-1)-m)lm! ( m )
M1 A1 (5)
FQy) = Z (:,ll) yra =y
m=k
so

m=k
M1
= Z m (:,;) yrTIA -yt + z —(n-m) (,r,ll) ymra -yt
m=k m=k
M1

n-1
m ()" A=y Y == m) () y A =y
m=k

[
=

m
m=k
M1
n n—-1
_ n—1 m-—1 _ n-m Z _ n—1 m _ n-m-1
—Zn(m_l)y Q-+ n( m )y 1-y)
m=k m=k
M1
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O)J/
/bC?
%
Yo,
n O(/
=D (R )ymta -y Z (D ta—-yrm %
— 1 1 (o)
m=k m=k+1 @
M1
— (M= 1\ k-10q _ yn—k

as required. Al* (6)
Because f(y) is a probability density function, folf(y)dy =1 El
Thus

1
f YA =Ry = ——<
‘ n (k - 1)
B1(2)
(i)

1 1
-1 _ _ -1 _
00 =n (P2 ) [ yxyra-yrray =n(321) [ - yrtay
0 0

M1
="(Z:i)] T =y ay = () T
a+0( 1)

M1 M1

:”(2:1)(n+1)() (n—ngcr;'_(kl)—'1)l(gl+’?)'rﬁ"ni1

Al (4)
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13.
G(t) =po + Pt +pat® +pst® + -

G(1) =po+p1+p+pst+ -
G(=1)=py—p1 +p2—p3+ -
M1

G +G(-1) =2py+2p,+ - =2(po+p,+ps+ - )=2P(X=00r20r4 -

M1

Thus
P(X=0o0r2or4 )= %(6(1) +G(-1)

as required. Al1* (3)

T

A
PX=r)=e*—
r!

o T o T
G(t) = Z tre‘M— = e‘lz G2 = et = ¢~2(1-1)
=0 7! r=0 T!
M1 Al* (2)

(i)

o 1

Z PY=r)=kP(X=0o0r2o0r4 )=k XE(G(l) +G(-1))
r=0

M1

_ k(1+ -2/‘1) _ ke’1+e"1 _ kcosh/l
2 ¢ - 2e8 7 et

As

ZOO:OP(Y =r)=1

el

k =
cosh A

Al

o /»12 14
GY(t)zZ OP(Y=T)tr=k<e_7‘+e"1§t2+e"1$t4+~-->
r= 1 !

M1

2 4
= ke (1 +%+ ('14? + )

2! 3! 4! 2! 3! 4!
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O)J/
%C?
%
S
-7
B ete et 4 oA _ coshat O(/O'
" cosh 2 "~ cosh2 %)
2
M1 A1* (5)

as required.

EY)=G"y(1)

A sinh At
G'y(t) =———
v(®) cosh 4
M1

Thus

A sinh 4

E(Y) = = Atanh1 < 2
cosh A
M1  A1*(3)

for A>0

Alternatively,

_ Asinha et —e=4 1—e24

E(Y) = = = <A
¥) cosh A et +e4 14+e24

(i)
G() = po +put + pat” +pst® + -

G()=po+p1+p+p3t -
G- =py—p1+pP2—p3+ -
G =po+ip1—p2—ips+ -
G(=i) =po—ipy —pz +ips + -
G(D) +G(—1) + G(W) + G(—1) = 4py + 4ps + -+ =4P(X =0 o0r 4 )

Zw P(Z=1)=cP(X=0o0r4-) =cx%(G(1)+G(—1)+G(i)+G(—i))
=0
¢ - —A(1-i ~A(1+i
=Z(1+e 24 4 @=AAD 4 -ACHD)

c
= Z(l +e 2 4 e (cosA +isinA+ cosA — isinA))

_c (e’1 +e 44 2cos A) _ c(cosh A + cos 1)
T4 et B 2el

M1

A
As Z?"=0P(Z=r)=1,c=2; Al

cosh A+cos A
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O)J/
/bC?
%
Se
-7
* A% 28 2,
6=  PEZ=r)tr=clette Attt e Attt o
=0 4! 8! %
2
an*  (at)®
= _A e
- <1+ TR T
ce™ (At)? (At)? (an?
= [<1+/1t+ TR --->+<1—At+ TR --->+<1+/ut— TR >
o ()?
+<1—Azt— T + -
ce™* . .
=T(elt +e—lt +elﬂ.t +e—lﬂ.t)
-1
== (cosh At + cos At)
M1
2et
As GZ(l) =1 » €= coshA+cos A
So
(cosh At + cos At)
Gz(t) =
(cosh A + cos )
Alft
, A(sinh At — sin At)
G'z(t) =
(cosh A + cos )
And thus
A(sinh A — sin )
E(Z)=G6",(1) =
@ z(1) (cosh A + cos 1)
M1
If A= 37” Vi1
3 (sinh%+ 1)
E(Z)=—
2 3
coshT
3n -3 3m -3 3
e2 —e 2 e2 +e 2 -3n
T2 T m o T % LT
ez +e 2 e2 +e 2
2 2

—37

As ez <1 ,inthiscase, E(Z) > A andsono, E(Z) is not less than A for all positive values of 1
Al (7)
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